Influence of the variations of the scattering properties of a disordered medium with respect to frequency on the polarization of scattered light is investigated. We focus on the strongly scattering regime with the sum of random phasors scattering model that is extended to chromatic media and made frequency-sensitive. It is numerically shown how the scattered polarization depends on the incident polarization and the incident light bandwidth to scattering coefficients chromatic length ratio. Under the presented approach, both phenomena of depolarization and enpolarization of light appear unified.
Introduction
Light polarization still remains the focus of numerous works [1, 2] with a broadening range of applications from remote sensing to living diagnostics [3, 4] . A sophisticated formalism was proposed [5] which gathers both polarization and coherence of light, and allows detailed investigation of polarized data. Within this framework, numerous experiments were driven and have shown great agreement with the predictions [6] [7] [8] [9] .
However despite this successful story, fewer results can be found on light polarization when disordered but deterministic and stationary media are addressed and their scattering patterns analyzed at the speckle size [10, 11] . In particular recent papers have revealed unexpected enpolarization effects [12] [13] [14] in light scattered by complex media. Such enpolarization effects were predicted and compared to experiment with great accuracy [12] . Furthermore, numerical and analytical calculations were shown to be in high agreement [13] . In a last step, these enpolarization effects were quantified versus the polarization degree (DoP) of the incident light [14] , and statistical distributions of the scattered polarization degree were pointed out for high scattering media. Also, mapping and histograms of the coherence time were predicted for disordered media [15] .
All these studies concerned the classical (local and temporal) degree of polarization, but depolarization was also shown to find its origins in a spatial (rather than temporal) average, which motivated additional recent papers gathering electromagnetic optics and statistical optics [16] [17] [18] . Indeed scattering patterns may exhibit rapid variations of polarization from one speckle grain to another, and this variation results in a depolarization effect when the receiver aperture collects at least a few speckle grains. Such effects were quantified on the basis of electromagnetic optics, which allowed us to connect the loss of polarization to the microstructure of the scattering samples [19] . Statistics of the speckle patterns were analyzed versus this microstructure [20, 21] .
Within this framework it was shown that most effects result from the presence of crosspolarized scattering coefficients which cannot be neglected for strongly scattering media. Indeed these coefficients allow linear combinations of the incident polarization modes to generate each polarization mode of the scattered light, and this is the key to predict the effects of temporal enpolarization or spatial depolarization.
However until now the spectral (wavelength) variations of these coefficients were neglected within the bandwidth of the incident source. Such assumption is largely justified with laser sources but may fail when larger bandwidths are considered; moreover, depending on the scattering origins and samples microstructure, the chromaticity of the scattering coefficients may be strongly increased. This is the reason why this assumption was abandoned in this paper, which allowed us to revisit the DoP histograms and provide a more complete analysis. Hence new DoP signatures can now be emphasized to characterize either (local) enpolarization or (local) depolarization effects; these signatures vary with the ratio of the incident bandwidth to that of the scattering coefficients. The paper is focused on polarization and temporal coherence ; studied light sources are assumed to exhibit full spatial coherence.
The scattering matrix
The theory of electromagnetic wave diffraction [22] and scattering [23] is generally formalized in the frequency domain. The incident fieldĒ i (ν) is assumed to have a plane wave structure in the region of the disordered medium. Withr i the propagation direction, two independent components of the electric field in the polarization plane normal tor i form the vectorĒ i (ν).
The scattered field is detected in far field conditions. Discarding dependency to the distance between the scattering center and the detector, the scattered field is characterized by its scattering amplitudeĒ s (ν), a two-components vector. Hence the incident and scattered fields are written as:Ē
where the subscripts x and y denote different directions for incident and scattered fields.
With the sole assumption that the scattering medium is linear, incident plane wave and scattered field are linked by the so-called scattering matrixΣ(ν) [24, chap. 11 ] (see also [25] ).
The scattering matrix completely characterizes the scattering medium at frequency ν. This complex 2-matrix is a function of the incident and scattering directionsr i andr s . It writes:
with Σ xx and Σ yy the co-polarized coefficients and Σ xy and Σ yx the cross-polarized coefficients.
In this paper, we rely on a simple and versatile heuristics to modelize the scattering matrix: the random phasors sum [26] . It was recently shown that this phenomenological model is relevant for strongly scattering medium, such as an inhomogeneous bulk with high optical index variations or a rough surface with steep slopes or peak to valley heights larger than the wavelength. In accordance with this model, each of the four coefficients of the scattering matrix (3) is modelized by the far field scattered by n 2 random phasors placed on a plane square regular grid with mesh size δ x . Those phasors are circular complex gaussian random variables of zero mean and equal variance. They are statistically independent, but the scattered field is obtained by interference of their individual fields. An example is given in Fig. 1 .
Since the random phasors sum was designed in a quasi-monochromatic context, it shows no dependency to frequency. We extend the model by adding the time dimension to the twodimensional spatial array of random phasors. n t is the number of instants and δ t denotes the regular time step. The scattered field computation is efficiently performed with three-dimensional Fast Fourier Transforms (FFT) on N = np points along each spatial dimension and N t = n t p t points along the time dimension, using zero-padding [27] . With θ the polar angle and ϕ the azimuthal angle, scattering directions can be pointed by the two horizontal components of the wavevector
Spatially, the scattered field is estimated on a regular grid in the (k x , k y ) plane with a mesh size 
An example of the spectral variations of the scattering coefficients is provided in Fig. 2 .
The polarization matrix
The polarization and coherence properties of time-stationary light is statistically characterized at first-order in the spectral domain by the so-called Wolf's spectral density matrixW (ν). This matrix is related to the harmonic decomposition (or generalized Fourier transform) of the fields by: Frequency shift Square modulus (arbitrary unit) xx xy yx yy Fig. 2 . Square modulus of the four scattering coefficients (arbitrary unit) generated by the spectral version of the sum of random phasors method in a given scattering direction against frequency (same unit as Δν Σ ). denoting δ the Dirac distribution. With (2) and in the case of a deterministic scattering medium, scattered and incident spectral density matrices become directly connected :
so that the scattered field polarization state can be deduced from the incident field spectral density matrix and spectrally varying scattering matrix. For both incident and scattered light, the polarization state is deduced from the spectral density matrix through the polarization matrix¯J.J
1 + P cos 2χ cos 2ψ P(cos 2χ sin 2ψ + i sin 2χ) P(cos 2χ sin 2ψ − i sin 2χ) 1 − P cos 2χ cos 2ψ
The polarization matrix is relied to the optical intensity I and to the Poincaré sphere representation (P, ψ, χ) of the polarization state [28] . The DoP P varies from 0 for totally depolarized light such as natural light to 1 for totally polarized light. χ and ψ are the ellipticity and orientation angles, respectively.
Enpolarization
We start testing our model on a totally unpolarized incident light. In order to force P i = 0, the incident spectral density matrix is set to the following expression:
This matrix is thus the simple product of a polarization matrix and a scalar function of frequency. This last function exhibits a Gaussian dependency on frequency, mimicking a Dopplerbroadened source. Its central frequency is denoted ν c and its spectral bandwith Δν i follows one of the classical definitions [29, eq. 4.3-83] . In optics, one can easily assume that bandwidth Δν i is much smaller than frequency ν c . The scattered field polarization matrix is now computed following formulas (7) and (8) with the scattering matrix detailed in section 2. The simulations results do not depend on the absolute value of the incident bandwidth Δν i or the chromatic length Δν Σ of the scattering coefficients, but on their dimensionless ratio R.
The scattered DoP, denoted P s , is investigated for the ratio R varying between 1/10 and 10. Its probability density functions, or densities, are given in Fig. 3 for five values of R, and the mean scattered DoP is plotted against ratio R in Fig. 4 (blue curve). Enpolarization effect is quite impressive, with a mean scattered DoP scaling from 0.24 to 0.75 for the studied R ratio range. For small values of the R ratio, where spectral variations of the scattering coefficients are negligible, the classical density 3P 2 s for the scattered degree of polarization P s [12] is retrieved. This density is plotted in Fig. 3 (dashed line) so that it can be compared to the density for R = 1/5 (blue curve). It is remarkable that the asymptotic density is followed as soon as 1/R = 5. It is also worth to retain that when the spectral characteristics of incident light and scattering coefficients are close, typically around R = 1, the scattered DoP reaches 0.6 in average. To finish with unpolarized incident light, it appears on both Figs. 3 and 4 that the scattered DoP is globally shifted toward zero when the R ratio is raised. For R = 5, the scattered DoP density spreads between 0 and 0.8, with a mean value as low as 0.33. However, one can assume that this mean scattered DoP will go on decreasing with R increasing, with zero limit for infinite R ratio. This asymptotics is proving difficult to investigate numerically. 
Depolarization
We now move on to polarized incident light. The expression (9) of the incident spectral density matrix is directly generalized to nonzero values P i > 0 of the incident DoP:
In the strong scattering regime which is the context of our study and underlies our scattering coefficients simulations (section 2), the scattered light DoP can be expected to only depend on one incident light polarization parameter over three, namely the DoP P i . This idea has been confirmed numerically: the incident light ellipticity χ i and orientation ψ i angles have no statistical influence on the DoP of the scattered light. This is the reason why no further details are given on the polarization matrix¯J i . Also, the polarimetric angles χ s and ψ s appear statistically independent of the incident polarization state and scattered DoP, and are distributed so that no direction in the Poincaré sphere is priviledged. The scattered DoP P s is studied for totally polarized incident light by setting P i = 1. The mean scattered DoP against the ratio R as defined in (10) is plotted in Fig. 4 (magenta curve), and the scattered DoP densities are given in Fig. 5 . Again, it appears that light is more depolarized when the ratio R is higher. Depolarization makes the mean scattered DoP reach 0.99 for R = 1/10, 0.80 for R = 1 and 0.34 for R = 10. For large values of R, the scattered DoP densities are similar to the previous ones, presented in Fig. 3 and obtained for unpolarized incident light, even if centered on slightly higher levels. However, this similarity vanishes when R tends toward zero. The lowest DoP are more and more depopulated, with a density confined between 0.8 and 1 for R = 1/5. The density rather tends toward a Dirac function around P s = 1. On Fig. 5 , the density for R = 1/5 is truncated, since it reaches as high as 70 around P s = 1.
Up to now, we consider only extreme degrees of polarization for incident light, so that only enpolarization or depolarization can occur, whatever the (finite) value of the incident bandwidth to scattering coefficients correlation length ratio R. At present, we study a scattering medium enlightened by an partially polarized field. The mean scattered DoP is plotted against ratio R in Fig. 4 for three values of the incident DoP : 0.5 (green curve), 0.75 (red curve) and 0.9 (cyan curve). The P i = 0.25 case reveals very close to the unpolarized case detailed in the previous section, the reason why it has not been included in Fig. 4 . Moreover, it is systematically enpolarized for 1/10 ≤ R ≤ 10. For P i = 0.5 (green curve), enpolarization occurs for R ratios smaller than 2.3, while light is depolarized thereafter. We are thus able to estimate, for any incident DoP, the boundary value R L of the ratio R between enpolarization and depolarization. For red and cyan curves of methodical study of the mean scattered DoP with respect to the incident DoP and the incident bandwidth to scattering coefficients correlation length ratio R over the [1/10; 10] range is given in Fig. 6 . This is a filled contour plot of the mean scattered DoP, with levels of the isolines in white and the black dashed curve representing R L : below or to the left of this black dashed curve are the scattering events that corresponds to an enpolarization of light, while depolarization occurs above ot to the right.
We now try to modelize the variations of R L with P i . For this, we have numerical data over the range 1/10 ≤ R ≤ 10, and two asymptotic values: whatever the finite incident bandwidth to scattering coefficients correlation length ratio R, enpolarization occurs for totally unpolarized incident light and depolarization occurs for totally polarized light. We therefore have to meet the two following limits: lim
We found by trial and error, and with no supplementary theoretical argument that the empirical model (13) was relevant, with linear regression leading to values a = 0.7 and b = 0.0.
On Fig. 7 , the numerical data and the output of model (13) are plotted in blue. All previously presented results were obtained under the assumption that incident light was spectrally broad due to Doppler effect. Consequently, the spectral density matrices (9) and (11) were sharing Gaussian variations with frequency. Another classical kind of sources are collision-broadened, with a Lorentzian dependency on frequency. They are now briefly investigated, since phenomena and results are qualitatively close to the Gaussian case. The mean scattered DoP is plotted against the incident DoP and ratio R in Fig. 8 . Once again, the black dashed curve corresponds to the values of R L . This last quantity can still be modelized by (13) , with this time parameters set to a = 1.0 and b = −0.3, as it appears on Fig. 7 (red symbols and red line). 
Conclusion
In this paper, a theory was derived for the scattering of partially coherent and polarized light from a disordered medium with chromatic (wavelength-varying) scattering coefficients over the incident light bandwidth. With an extension of the empirical model of the random phasors, scattering matrices are generated that can simulate a large class of strong scattering events in Optics. It is found that the incident light bandwidth over scattering coefficients spectral correlation length ratio R is the key parameter in this analysis. For values 1/5, 1/2, 1, 2, and 5 of this ratio, the scattered DOP distribution is estimated and plotted for both totally depolarized and totally polarized incident light. Then the mean scattered DoP is mapped as a function of both the ratio R ranging between 1/10 and 10 and the incident light DoP. Both cases of Doppler-broadened and collision-broadened sources of light are investigated. Finally, this empirical model for the scattered DoP leads to a simple analytical formula for the value of the cut-off ratio against the incident DoP. We now summarize some salient results of our analysis:
• repolarization of a totally depolarized light with a 3P 2 s law is almost retrieved as soon as the ratio R is smaller than 1/5 (Doppler-broadened source),
• variations with wavelength of the scattering coefficients can explain local depolarization of a totally polarized light by deterministic media,
• a linear variation of the mean scattered DoP with tanh −1 (1 − 2P 2 i ) is numerically shown.
We remind some assumptions that we made in the numerical sections of this paper in order to reduce the number of freedom degrees. The shape of the incident spectral density matrix has been forced as the product of a polarization matrix and a function of frequency. As a consequence, the four matrix elements share the same dependency to frequency. It also implies that the so-called spectral degree of coherence [5] is constant. We stress that our model can be applied to any arbitrary spectral density matrix.
Furthermore, with the random phasors empirical scattering model as we extend it, the scattering coefficients share the same spectral correlation length. This may be a too simplifying, unphysical assumption. We are currently working on rigorous electromagnetic scattering from rough surfaces and heterogeneous bulks models to provide more realistic scattering matrices. Finally, this theoretical and numerical work have to be confirmed by experimental data. A first step in this direction is to characterize chromatically some scattering samples, such as the Lambertian scattering standards already studied in [12, 20] . An optical set-up is currently being mounted with a wavelength-agile narrow linewidth source.
